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The unperturbed Keplerian orbits of Taiji spacecrafts are expanded to e3 order in
the heliocentric coordinate system, where e is their orbital eccentricity. The three
arm-lengths of Taiji triangle and their rates of change are also expanded to e3 order,
while the three vertex angles are expanded to e2 order. These kinematic indicators
of Taiji triangle are, further, minimized, respectively, by adjusting the tilt angle of
Taiji plane relative to the ecliptic plane around ±pi/3, and thus, their corresponding
optimized expressions are presented. Then, under the case that the nominal trailing
angle of Taiji constellation following the Earth is set to be χ(≈ ±pi/9) from the
viewpoint of the Sun, the influence of the Earth perturbation on three spacecrafts
is calculated according to the equations of motion in the problem of three bodies,
and the perturbative solutions of the leading order and the next leading order are
derived. With the perturbative solutions, the leading-order corrections to the above
kinematic indicators of Taiji triangle and the expression of the above trailing angle
to the order of e3 are provided.
PACS numbers: 04.80.Nn, 95.55.Ym, 07.60.Ly
I. INTRODUCTION
The successful detection of gravitational waves (GWs) by the LIGO and Virgo collaborations [1] opens up the era of GW astronomy,
and promotes the study of General Relativity (GR) and astrophysics [2–4]. However, because of the disturbance of the gravity gradient
noise, the ground-based detectors are unable to detect the low frequency GWs [5]. In the low frequency regime, the space-based GW
detector like LISA [6, 7] becomes the next interesting target for the further study on GW.
After LISA mission was put forward, Chinese scientists began to show their interests in the space-based GW detector [8, 9], and Taiji
program [10, 11] was set up by the Chinese Academy of Sciences. Taiji program, like LISA, is based on three identical spacecrafts (SCs)
orbiting the Sun, and these SCs form a triangle of side about 3× 106 km. Similarly to LISA, Taiji program will use coherent laser beams
exchanged between SCs to observe low frequency GWs covering the ranges from 0.1 mHz to 1.0 Hz, and it is complementary to the
ground-based GW detection program in an essential way, which is similar to the observation for the electromagnetic waves in different
wavebands [12]. Maybe LISA and Taiji will be in operation at the same time for a period, and their simultaneous operation will certainly
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2prompt the GW detection significantly.
Analytical treatment of the motion of SCs is important, because it is crucial for thoroughly studying optical links and light propagation
between SCs. By using the analytical method, many problems related to the motion of SCs will be more transparent than by using
numerical simulations. The analytical treatment is also the basis of further numerical simulations. The analytical analysis on the motion
of LISA SCs has been made in literatures [6, 7, 12, 13]. In Refs. [6, 7], the unperturbed Keplerian orbits of SCs are expanded to α2
order in the Hill system or the Clohessy-Wiltshire (CW) system [13], where the parameter α is proportional to the orbital eccentricity of
SCs to the first order, and further, the arm-length of LISA triangle, formed by LISA SCs, and its rate of change are also expanded to
α2 order and are minimized, respectively, by adjusting the tilt angle of LISA plane, in which LISA triangle lies, relative to the ecliptic
plane around pi/3. In Refs. [12, 13], the Earth’s orbit is assumed to be a circle in the ecliptic plane, the nominal trailing angle of LISA
constellation following the Earth is set to be pi/9 from the viewpoint of the Sun, and the influence of the Earth perturbation on SCs is
dealt with by the linear perturbative approach in the CW system. Seeing the similarity between Taiji program and LISA mission, the
model in Refs. [6, 7, 12, 13] designed for LISA mission can be used in the Taiji program with the replacement of the orbit parameters if
the higher precision is not needed.
However, the results to α2 order is still not enough. The choice of the circular orbit means that the contribution of the eccentricity e′
of the Earth’s orbit in the perturbation on LISA SCs is ignored. Besides, due to the simplistic model, the obtained perturbative solution
does not include the contribution of the interaction between the Sun and the Earth either. In this paper, we will analytically analyze the
orbits of Taiji SCs in the heliocentric coordinate system in a higher precision than those of LISA SCs in the above related references.
In order to facilitate follow-up study in a higher precision, the unperturbed Keplerian orbits of Taiji SCs should be first studied in
the heliocentric coordinate system as the primary task, and these orbits are expanded to the cube of eccentricity e. Then the three
arm-lengths of Taiji triangle, formed by SCs, and their rates of change are also expanded to e3 order, while the three vertex angles of the
triangle are expanded to e2 order. The expansions of these kinematic indicators of Taiji triangle show that its shape depends on the tilt
angle of Taiji plane, in which Taiji triangle lies, with respect to the ecliptic plane and that all the kinematic indicators of Taiji triangle
vary periodically over time. The main features of the unperturbed orbits can be summarized as follows.
• Up to e0 order, the tilt angle remains constant angle φ;
• Under the cases of φ = ±pi/3, Taiji triangle is approximately equilateral one, i.e.
– the three arm-lengths remain 2
√
3Re up to e1 order, where R is the semi-major axis of the elliptical orbits of SCs, and its value
is equal to the semi-major axis of the Earth’s orbit;
– the three change rates of arm-lengths remain zero up to e1 order;
– the three vertex angles remain pi/3 up to e0 order.
For Taiji, the nominal arm-length is 3× 106 km, and by the above conclusion, e ≈ 5.789× 10−3.
As LISA [12], the laser frequency noise of Taiji is suppressed by time-delay interferometry (TDI). TDI, however, works only for the
stationary configuration in a flat spacetime. The relative motion between SCs will result in that the laser frequency noise cannot be
suppressed effectively so as to lower the sensitivity of Taiji. Moreover, the relative motion between SCs will also cause the Doppler shift
of the laser frequency, which will interfere the measurement of GWs [7]. In view of these adverse effects, the orbits of SCs need to be
optimized to reduce the amplitude of the relative motion between SCs. It can be shown that by adjusting the angle φ around ±pi/3 at e1
order, namely,
φ = ±
(
pi
3
+
5
√
3
8
e
)
, (1.1)
the variations of all the kinematic indicators of Taiji triangle (the three arm-lengths and their rates of change, the three vertex angles) can
be minimized, respectively, which is compatible to that of LISA in Refs. [7, 14]. Further, all the expressions of these kinematic indicators
of Taiji triangle for the optimal value (1.1) are presented.
In the above analysis on the unperturbed Keplerian orbits of SCs, only the contribution from the gravitational field of the Sun is
taken into account. For a more accurate analysis on the relative motion between SCs, which is very important in the implementation of
3TDI [13], the contributions of the Earth, the Moon, and other planets should be taken into consideration. In the present paper, we focus
on analyzing the perturbation of the Earth on SCs as did for LISA in Ref. [12] and enhance the precision of the orbits to the order of e3.
The ecliptic plane is chosen as the x-y plane of the heliocentric coordinate system, and the direction of x axis may be chosen arbitrarily
relative to the major axis of the Earth’s orbit. By adjusting the mean anomaly of the Earth Kepler’s equation, the nominal trailing
angle of Taiji constellation following the Earth is set to be χ(≈ ±pi/9) from the viewpoint of the Sun. (The negative value of χ means
that the constellation is preceding the Earth.) According to the equations of motion in the problem of three bodies [15], the influence of
the Earth perturbation on three SCs can be determined accurately in the heliocentric coordinate system. Compared with the previous
discussion on the Earth perturbation on LISA SCs [12, 13], our results include the influence of the interaction between the Sun and the
Earth and the effect of the eccentricity e′ of the Earth’s orbit. Our calculation shows that the perturbative solutions of the leading order,
the same as e2 order, take the same form for three SCs. Therefore, they do not affect the relative motion between SCs. In other words,
they do not contribute to the variations of the kinematic indicators of Taiji triangle. Even though, they lead to the change of the above
trailing angle of Taiji constellation. As to the perturbative solutions of the next leading order, whose orders are the same as e3, they
have the contributions to the relative motion between SCs. The analytic expressions for the leading-order corrections to all the kinematic
indicators of Taiji triangle resulted from the Earth and the modified expression for the above trailing angle of Taiji constellation to the
order of e3 are first presented. In these expressions, the contribution of the tiny difference between the average angular velocities of the
Earth and SCs are also considered because the semi-major axes of the orbits of the Earth and SCs are the same but the total mass of the
Sun and the Earth is different from that of the Sun and each SC. Since the difference is very tiny, the Earth perturbs SCs in an almost
resonance way, so that the terms characterized by Ω(t− t0) and Ω2(t− t0)2 exist in the results related to the perturbation of the Earth,
which will result in unbounded growing of the perturbations over time, as indicated by Ref. [12]. Therefore, if one wishes to lengthen the
running time, Taiji configuration needs to be restored to their initial state after about 3 years.
The paper is arranged as follows. In the next section, the unperturbed Keplerian orbits of SCs are analyzed. The perturbation of the
Earth on SCs is studied in section 3. In the last section, we shall make some concluding remarks. In the present paper, no summation is
taken for repeated indices.
II. ORBIT ANALYSIS OF SCS
A. The unperturbed Keplerian orbits of SCs
There are more than one model to choose for the orbit design of SCs. In view of the similarity between Taiji program and LISA
mission, we adopt the model in Refs. [6, 7], designed for LISA mission originally, as one part of the pre-study of Taiji program.
The heliocentric coordinate system with coordinates {x, y, z} is chosen as follows:
• The origin is located at the center of mass of the Sun;
• (x, y, z) are the right-handed Cartesian coordinates, where the x-y plane is the ecliptic plane.
The radius vector of SCk (k = 1, 2, 3) in the heliocentric coordinate system is rk = (xk, yk, zk). r1 is chosen by
x1 = R(e+ cosψ1) cos ε,
y1 = R
√
1− e2 sinψ1,
z1 = R(e+ cosψ1) sin ε,
(2.1)
where ε is the inclination of the orbit of SC1 with respect to the ecliptic plane, and ψ1 is the eccentric anomaly of SC1. ψ1 satisfies
Kepler’s equation
ψ1 + e sinψ1 = Ωt, (2.2)
where Ω is the average angular velocity of SC1. Moreover, the inclination ε satisfies [7]
cos ε =
√
3
3
√
3 + 2α cosφ
1 + e
,
sin ε =
√
3
3
2α sinφ
1 + e
,
(2.3)
4FIG. 1: Plot of the geometry of Taiji configuration. The heliocentric coordinate system is labeled by (x, y, z). SCk (k = 1, 2, 3) denote three
spacecrafts, respectively, and S denotes the Sun. The dashed circle is the one in the ecliptic plane with radius R.
where α is the small parameter for the expansion in Refs. [6, 7], related to the constant angle φ by
α =
√
3
2
(√
e2 + 2e+ cos2 φ− cosφ
)
> 0. (2.4)
The orbits of SC2 and SC3 are obtained, respectively, by rotating that of SC1 by 2pi/3, 4pi/3 about the z axis, where their phases also
need to be adjusted correspondingly [6, 7], i.e. r2, r3 satisfy
x2 = R(e+ cosψ2) cos ε cos
2pi
3
−R
√
1− e2 sinψ2 sin 2pi
3
,
y2 = R(e+ cosψ2) cos ε sin
2pi
3
+R
√
1− e2 sinψ2 cos 2pi
3
,
z2 = R(e+ cosψ2) sin ε,
(2.5)

x3 = R(e+ cosψ3) cos ε cos
4pi
3
−R
√
1− e2 sinψ3 sin 4pi
3
,
y3 = R(e+ cosψ3) cos ε sin
4pi
3
+R
√
1− e2 sinψ3 cos 4pi
3
,
z3 = R(e+ cosψ3) sin ε,
(2.6)
and the eccentric anomalies ψ2, ψ3 of SC2, SC3 satisfy [7], respectively,
ψ2 + e sinψ2 = Ωt− 2pi
3
, (2.7)
ψ3 + e sinψ3 = Ωt− 4pi
3
. (2.8)
Eqs (2.3) and (2.4) imply that both ε and φ have the same sign. As is mentioned above, ε is the inclination of the orbits of SCs with
respect to the ecliptic plane, and thus, ±|ε| can provide two kinds of Taiji configurations which are symmetry about the ecliptic plane.
By Eqs. (2.1), (2.5), and (2.6), the distances between SCk and the Sun is
rk := |rk| = R(1 + e cosψk). (2.9)
B. The expansions of the unperturbed Keplerian orbits of SCs to e3 order
Since the eccentricity e  1, the Kepler’s equations (2.2), (2.7), and (2.8), as the transcendental equations, can be dealt with by the
iterative method. The expression of ψk expanded to e
3 order is
ψk = σk − (sinσk)e+ sin(2σk)
2
e2 +
(
1
8
sinσk − 3
8
sin(3σk)
)
e3, (2.10)
where
σk = Ωt− (k − 1)2pi
3
, k = 1, 2, 3, (2.11)
5and then,
cosψk = cosσk +
(
1
2
− 1
2
cos(2σk)
)
e+
(
−3
8
cosσk +
3
8
cos(3σk)
)
e2 +
(
1
3
cos(2σk)− 1
3
cos(4σk)
)
e3, (2.12)
sinψk = sinσk − 1
2
sin(2σk)e+
(
−1
8
sinσk +
3
8
sin(3σk)
)
e2 +
(
1
6
sin(2σk)− 1
3
sin(4σk)
)
e3. (2.13)
As to the parameter α, by Eq. (2.4),
α =
√
3
2 cosφ
e−
√
3
4
tan2 φ
cosφ
e2 +
√
3
4
tan2 φ
cos3 φ
e3, (2.14)
and with it, Eq. (2.3) gives 
cos ε = 1− 1
2
(tan2 φ)e2 +
(
tan2 φ+
1
2
tan4 φ
)
e3,
sin ε = (tanφ) e+
(
− tanφ− 1
2
tan3 φ
)
e2 +
(
tanφ
cos2 φ
+
1
2
tan5 φ
)
e3.
(2.15)
The combination of Eqs. (2.10)—(2.15) can bring about the expansion of the unperturbed Keplerian orbit of SCk, namely rk, to e
3
order:
rk = r
(0)
k + r
(1)
k e+ r
(2)
k e
2 + r
(3)
k e
3, for k = 1, 2, 3, (2.16)
where r
(n)
k = (x
(n)
k , y
(n)
k , z
(n)
k ) (n = 0, 1, 2, 3) with 
x
(0)
k = R cos(Ωt),
y
(0)
k = R sin(Ωt),
z
(0)
k = 0,
(2.17)

x
(1)
k = R
[
3
2
cos
(
(k − 1)2pi
3
)
− 1
2
cos
(
2σk + (k − 1)2pi
3
)]
,
y
(1)
k = R
[
3
√
3(k − 1) cosk
(
2pi
3
)
− 1
2
sin
(
2σk + (k − 1)2pi
3
)]
,
z
(1)
k = R tanφ cosσk,
(2.18)

x
(2)
k = R
[(
1
8
− 1
4
tan2 φ
)
cos
(
σk − (k − 1)2pi
3
)
−
(
1
2
+
1
4
tan2 φ
)
cos
(
σk + (k − 1)2pi
3
)
+
3
8
cos
(
3σk + (k − 1)2pi
3
)]
,
y
(2)
k = R
[(√
3
2
−
√
3 tan2 φ
)
(k − 1) cosk
(
2pi
3
)
cosσk − 5
8
sin
(
σk + (k − 1)2pi
3
)
+
3
8
sin
(
3σk + (k − 1)2pi
3
)]
,
z
(2)
k = R tanφ
[
3
2
−
(
1 +
1
2
tan2 φ
)
cosσk − 1
2
cos (2σk)
]
,
(2.19)

x
(3)
k = R
[
cos
(
(k − 1)2pi
3
)(
−3
4
tan2 φ+
(
1 +
1
2
tan2 φ
)
tan2 φ cosσk +
1
4
tan2 φ cos(2σk)
)
− 1
24
cos
(
2σk − (k − 1)2pi
3
)
+
3
8
cos
(
2σk + (k − 1)2pi
3
)
− 1
3
cos
(
4σk + (k − 1)2pi
3
)]
,
y
(3)
k = R
[
(k − 1) cosk
(
2pi
3
)(
−3
√
3
2
tan2 φ+
(
2
√
3 +
√
3 tan2 φ
)
tan2 φ cosσk +
(
3
√
3
2
+
√
3
2
tan2 φ
)
cos(2σk)
)
+
5
12
sin
(
2σk − (k − 1)2pi
3
)
− 1
3
sin
(
4σk + (k − 1)2pi
3
)]
,
z
(3)
k = R tanφ
[
−3
2
− 3
4
tan2 φ+
(
5
8
+ tan2 φ+
1
2
tan4 φ
)
cosσk +
(
1
2
+
1
4
tan2 φ
)
cos(2σk) +
3
8
cos(3σk)
]
.
(2.20)
The barycentre of three SCs can be derived by the above results:
r =
1
3
(r1 + r2 + r3) = (x, y, z) (2.21)
6with 
x = R
[
cos(Ωt) +
(
−1
2
− 1
4
tan2 φ
)
cos(Ωt)e2 +
((
1
2
tan2 φ+
1
4
tan4 φ
)
cos(Ωt)
+
(
− 1
24
+
1
8
tan2 φ
)
cos(2Ωt)− 1
3
cos(4Ωt)
)
e3
]
,
y = R
[
sin(Ωt) +
(
−1
2
− 1
4
tan2 φ
)
sin(Ωt)e2 +
((
1
2
tan2 φ+
1
4
tan4 φ
)
sin(Ωt)
+
(
1
24
− 1
8
tan2 φ
)
sin(2Ωt)− 1
3
sin(4Ωt)
)
e3
]
,
z = R tanφ
[
3
2
e2 +
(
−3
2
− 3
4
tan2 φ+
3
8
cos(3Ωt)
)
e3
]
.
(2.22)
Clearly, up to e1 order, the trajectory of the barycentre of three SCs is a circle in the ecliptic plane with a radius of R, and moreover, the
fact of z 6= 0 means that the barycentre of three SCs is not always in the ecliptic plane.
C. The relative motion between SCs
Firstly, set n := (r1 − r2)× (r2 − r3), and n is the normal vector of Taiji plane. The tilt angle can be calculated by
± arccos
(∣∣∣∣ n|n| · (0, 0, 1)
∣∣∣∣) = φ+O(e), (2.23)
where the signs “±” on the left hand side of the above equation represent two cases of ±|φ|, and they are equivalent to the cases of
±|ε| mentioned before, respectively. Obviously, up to e0 order, the tilt angle remains the constant angle φ, and that is to say, φ is the
leading-order term of the tilt angle.
Next, the relative radius vectors of SCs, namely rij := ri−rj (i, j = 1, 2, 3, i 6= j), to e3 order can be derived by Eqs. (2.16) and (2.17):
rij = r
(1)
ij e+ r
(2)
ij e
2 + r
(3)
ij e
3, (2.24)
where r
(n)
ij = r
(n)
i − r(n)j (n = 1, 2, 3), and their expressions can be obtained by Eqs. (2.18)—(2.20). The arm-length of SCi and SCj to e3
order is
lij : =
√
rij · rij = R
(
a
(2)
ij e
2 + a
(3)
ij e
3 + a
(4)
ij e
4 + · · ·
) 1
2
= R
(√a(2)ij ) e+ a(3)ij
2
√
a
(2)
ij
e2 +
 a(4)ij
2
√
a
(2)
ij
−
(
a
(3)
ij
)2
8
(
a
(2)
ij
)3/2
 e3
 , (2.25)
where
a
(2)
ij =
r
(1)
ij · r(1)ij
R2
, a
(3)
ij =
2r
(1)
ij · r(2)ij
R2
, a
(4)
ij =
r
(2)
ij · r(2)ij + 2r(1)ij · r(3)ij
R2
. (2.26)
The expressions for a
(n)
ij (n = 2, 3, 4) are, respectively,
a
(2)
ij =
15
2
+
3
2
tan2 φ+
(
9
2
− 3
2
tan2 φ
)
cos(2θij),
a
(3)
ij = −3 tan2 φ−
3
2
tan4 φ− 15
4
tan2 φ cos θij +
(
3 tan2 φ+
3
2
tan4 φ
)
cos(2θij) +
(
−3 + 3
4
tan2 φ
)
cos(3θij),
a
(4)
ij = −
21
32
− 57
16
tan2 φ+
75
16
tan4 φ+
15
8
tan6 φ+
(
15
2
tan2 φ+
15
4
tan4 φ
)
cos θij +
(
−27
8
− 27
4
tan2 φ
−9
2
tan4 φ− 15
8
tan6 φ
)
cos(2θij) +
(
−3
2
tan2 φ− 3
4
tan4 φ
)
cos(3θij) +
(
− 9
32
+
3
16
tan2 φ
)
cos(4θij)
(2.27)
with 
θ12 = Ωt− pi
3
,
θ23 = Ωt− pi,
θ31 = Ωt− 5pi
3
.
(2.28)
It is easy to know that the three arm-lengths of Taiji triangle change periodically over time, and they depend on the angle φ and are
not equal to each other in general. Further, Eqs. (2.25)—(2.28) show that l23 and l31 are only the phase-shifted versions of l12, which
7is resulted from the symmetry in the previous orbit model of SCs. If φ = ±pi/3, the arm-length of SCi and SCj to e3 order and its
corresponding rate of change are, respectively,
lij = R
[
2
√
3e+
(
−15
√
3
8
− 15
√
3
16
cos θij +
15
√
3
8
cos(2θij)−
√
3
16
cos(3θij)
)
e2 +
(
5489
√
3
1024
+
1095
√
3
256
cos θij
−16239
√
3
2048
cos(2θij)− 285
√
3
512
cos(3θij)− 441
√
3
1024
cos(4θij) +
15
√
3
512
cos(5θij)−
√
3
2048
cos(6θij)
)
e3
]
, (2.29)
vij = RΩ
[
0e+
(
15
√
3
16
sin θij − 15
√
3
4
sin(2θij) +
3
√
3
16
sin(3θij)
)
e2 +
(
−1095
√
3
256
sin θij +
16239
√
3
1024
sin(2θij)
+
855
√
3
512
sin(3θij) +
441
√
3
256
sin(4θij)− 75
√
3
512
sin(5θij) +
3
√
3
1024
sin(6θij)
)
e3
]
. (2.30)
Obviously, up to e1 order, the three arm-lengths of Taiji triangle remain 2
√
3Re, and their corresponding rates of change remain zero.
Therefore, under the cases of φ = ±pi/3, Taiji triangle is approximately equilateral one. The vertex angles of Taiji triangle between the
relative radius vectors of SCs rki, rkj (i 6= j), denoted by βij, is defined by
βij = arccos
(
rki · rkj
|rki||rkj|
)
. (2.31)
A direct calculation shows that up to e2 order,
βij =
pi
3
+
(
−15
√
3
32
cos θij +
15
√
3
16
cos(2θij)
)
e+
(
135
√
3
128
cos θij − 5997
√
3
2048
cos(2θij) +
447
√
3
1024
cos(4θij)
+
15
√
3
512
cos(5θij)
)
e2. (2.32)
It shows that the three vertex angles of Taiji triangle remain pi/3 up to e0 order. The result is compatible with the result of arm-length
to e1 order via the cosine theorem in Euclidean geometry. Moreover, three vertex angles of Taiji triangle are identical to each other up to
a phase shift of 2pi/3, which further confirms that three SCs are symmetrical in the present orbit model.
D. The optimization of the unperturbed Keplerian orbits of SCs
As LISA [12], Taiji needs to suppress the laser frequency noise below the other secondary noises by TDI. Only for the stationary
Taiji configuration, does TDI work well, and however, even under the cases of φ = ±pi/3, because of the higher-order terms that change
periodically over time, Taiji triangle, as shown by Eqs. (2.29), (2.30), and (2.32), is only approximately equilateral one. That is to say,
besides the stationary part, the relative motion between SCs also includes extra moving part, which results in that TDI cannot suppress
the laser frequency noise effectively so as to lower the sensitivity of Taiji. Further, this extra relatively moving part will also cause the
Doppler shift of the laser frequency, which will also interfere the measurement of GWs [7]. In order to lower these adverse effects, the
amplitude of the extra relatively moving part needs to be minimized, while the relatively stationary part remains the same. This is the
optimization of the orbits of SCs.
If the angle φ is set to be
φ = ±
(pi
3
+ δ
)
, (2.33)
where the parameter δ is the same order as e, and by Eqs. (2.29), (2.30), and (2.32), the expansions of lij and vij to e
mδn (m + n = 3)
order and βij to e
mδn (m+ n = 2) are, respectively,
lij = R
[
2
√
3e+ (3− 3 cos(2θij)) eδ +
(
−15
√
3
8
− 15
√
3
16
cos θij +
15
√
3
8
cos(2θij)−
√
3
16
cos(3θij)
)
e2 +
(
31
√
3
8
−7
√
3
2
cos(2θij)− 3
√
3
8
cos(4θij)
)
eδ2 +
(
−633
32
− 219
32
cos θij +
147
8
cos(2θij) +
57
64
cos(3θij) +
45
32
cos(4θij)
− 3
64
cos(5θij)
)
e2δ +
(
5489
√
3
1024
+
1095
√
3
256
cos θij − 16239
√
3
2048
cos(2θij)− 285
√
3
512
cos(3θij)− 441
√
3
1024
cos(4θij)
+
15
√
3
512
cos(5θij)−
√
3
2048
cos(6θij)
)
e3
]
, (2.34)
8vij = RΩ
[
0e+ 6 sin(2θij)eδ +
(
15
√
3
16
sin θij − 15
√
3
4
sin(2θij) +
3
√
3
16
sin(3θij)
)
e2 +
(
7
√
3 sin(2θij)
+
3
√
3
2
sin(4θij)
)
eδ2 +
(
219
32
sin θij − 147
4
sin(2θij)− 171
64
sin(3θij)− 45
8
sin(4θij) +
15
64
sin(5θij)
)
e2δ
+
(
−1095
√
3
256
sin θij +
16239
√
3
1024
sin(2θij) +
855
√
3
512
sin(3θij) +
441
√
3
256
sin(4θij)− 75
√
3
512
sin(5θij)
+
3
√
3
1024
sin(6θij)
)
e3
]
, (2.35)
βij =
pi
3
+
(
−3
2
cos(2θij)
)
δ +
(
−15
√
3
32
cos θij +
15
√
3
16
cos(2θij)
)
e+
(
−
√
3 cos(2θij) +
3
√
3
8
cos(4θij)
)
δ2
+
(
−27
16
cos θij +
51
8
cos(2θij)− 45
32
cos(4θij)− 3
64
cos(5θij)
)
δe+
(
135
√
3
128
cos θij − 5997
√
3
2048
cos(2θij)
+
447
√
3
1024
cos(4θij) +
15
√
3
512
cos(5θij)
)
e2. (2.36)
The leading-order terms of the above results being independent on δ imply that the relatively stationary part remains unchanged. The
higher-order terms of the above results depend on δ, and then, the amplitude of the extra relatively moving part could be minimized
by adjusting the value of δ. Now, only lij, vij and βij up to their next-leading-order terms (i.e. the lowest order terms containing the
parameter δ) are considered. They are
lij = R
[
2
√
3e+ (3− 3 cos(2θij)) eδ +
(
−15
√
3
8
− 15
√
3
16
cos θij +
15
√
3
8
cos(2θij)−
√
3
16
cos(3θij)
)
e2
]
, (2.37)
vij = RΩ
[
0e+ 6 sin(2θij)eδ +
(
15
√
3
16
sin θij − 15
√
3
4
sin(2θij) +
3
√
3
16
sin(3θij)
)
e2
]
, (2.38)
βij =
pi
3
+
(
−3
2
cos(2θij)
)
δ +
(
−15
√
3
32
cos θij +
15
√
3
16
cos(2θij)
)
e. (2.39)
Eqs. (2.34)—(2.36) are optimized when the standard deviation of Eqs. (2.37)—(2.39) reach their minimums.
For the quantity A(t), varying periodically over time, its average
〈
A(t)
〉
within n (n = 1, 2, 3 · · · ) years is defined as
〈
A(t)
〉
:=
Ω
2npi
∫ t0+2npi/Ω
t0
A(t)dt. (2.40)
Then, the amplitude of A(t), characterized by its standard deviation within n years, is
σ(A(t)) :=
√〈(
A(t)− 〈A(t)〉)2 〉. (2.41)
The averages of Eqs. (2.37)—(2.39) within n years are, respectively,
〈
lij
〉
= R
(
2
√
3e+ 3eδ − 15
√
3
8
e2
)
,
〈
vij
〉
= 0,
〈
βij
〉
=
pi
3
, (2.42)
and further by Eq. (2.41), their standard deviations within n years are, respectively,
σ(lij) =
√
6Re2
32
226 + (16√3)2(δ˜ − 5√3
8
)2 12 , (2.43)
σ(vij) =
3
√
6RΩe2
32
26 +(32√3
3
)2(
δ˜ − 5
√
3
8
)2 12 , (2.44)
σ(βij) =
3
√
2e
4
 75
256
+
(
δ˜ − 5
√
3
8
)2 12 , (2.45)
where δ˜ := δ/e. Obviously, when δ˜ = 5
√
3/8, σ(lij), σ(vij) and σ(βij) take the minimums. Namely, when
δ =
5
√
3e
8
⇔ φ = ±
(
pi
3
+
5
√
3e
8
)
, (2.46)
9the amplitude of the extra relatively moving part between SCs is minimized. Thus, the change of the kinematic indicators of Taiji triangle
can all be suppressed effectively. Compared with the original case, namely the case of δ˜ = 0, the ratios of reduction are, respectively,
σ(lij)|δ˜=0
σ(lij)|δ˜=5√3/8
≈ 2.23, σ(vij)|δ˜=0
σ(vij)|δ˜=5√3/8
≈ 4.05, σ(βij)|δ˜=0
σ(βij)|δ˜=5√3/8
≈ 2.24. (2.47)
Finally, applying the result (2.46) into the Eqs. (2.34)—(2.36), the corresponding expressions of lij and vij to e
3 order and βij to e
2 order
are obtained, respectively,
lij = R
[
2
√
3e+
(
−15
√
3
16
cos θij −
√
3
16
cos(3θij)
)
e2 +
(
−2521
√
3
1024
− 1119
√
3
2048
cos(2θij) +
9
√
3
1024
cos(4θij)
−
√
3
2048
cos(6θij)
)
e3
]
, (2.48)
vij = RΩ
[(
15
√
3
16
sin θij +
3
√
3
16
sin(3θij)
)
e2 +
(
1119
√
3
1024
sin(2θij)− 9
√
3
256
sin(4θij) +
3
√
3
1024
sin(6θij)
)
e3
]
, (2.49)
βij =
pi
3
+
(
−15
√
3
32
cos θij
)
e+
(
−237
√
3
2048
cos(2θij)− 3
√
3
1024
cos(4θij)
)
e2. (2.50)
In Ref. [7], with the help of Hill system or CW system [13], the arm-length l12 of LISA triangle and its rate of change v12 are expanded
to α2 order under the case of φ > 0, where α is defined by Eq. (2.4), and when
δ =
5α
8
⇔ φ = pi
3
+
5α
8
, (2.51)
σ(l12) and σ(v12) reach their minimums, respectively. Eq. (2.14) shows that at e
1 order, α =
√
3e, so the result (2.46) in present paper is
compatible to that of LISA in Refs. [7, 14], namely Eq. (2.51).
III. THE INFLUENCE OF THE EARTH PERTURBATION ON SCS
Besides the non-stationary configuration resulted from the gravitational field of the Sun, Taiji constellation is also affected by the
gravitational fields of the Earth and the other celestial bodies. In order to acquire the more accurate knowledge about the relative motion
between SCs, the perturbation of these gravitational fields need to be taken into account. Here, for simplicity, only the perturbation
contributed by the Earth on SCs is discussed. Compared with that in Refs. [12, 13], the precision of the orbits are enhanced to the order
of e3.
A. The Earth’s orbit
The radius vector of the Earth in the heliocentric coordinate system is r′ = (x′, y′, z′) with
x′ = R(e′ + cosψ′) cosϕ−R
√
1− e′2 sinψ′ sinϕ,
y′ = R(e′ + cosψ′) sinϕ+R
√
1− e′2 sinψ′ cosϕ,
z′ = 0,
(3.1)
where e′ ≈ 1.672 × 10−2, ψ′ are, respectively, the eccentricity and the eccentric anomaly of the Earth’s orbit. ψ′ satisfies the following
Kepler’s equation
ψ′ + e′ sinψ′ = Ω′t+ χ− ϕ, (3.2)
and according to the Kepler’s third law, the average angular velocity Ω′ of the Earth can be derived, namely,
Ω′ =
√
G(mS +mE)
R3
, (3.3)
where mS and mE are the masses of the Sun and the Earth, respectively. Similarly, if the masses of SCs are denoted by m, their average
angular velocity Ω can also be obtained,
Ω =
√
G(mS +m)
R3
. (3.4)
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Because of m≪ mS, the ratio of these two average angular velocities is
Ω′
Ω
=
√
1 +mE/mS
1 +m/mS
≈ 1 + ζ (3.5)
with
ζ :=
mE
2mS
≈ 1.020× 10−6 . e′3. (3.6)
When ψ′ = 0,
r′ = (R(e′ + 1) cosϕ,R(e′ + 1) sinϕ, 0) ,
which means that under this case, the Earth is at the aphelion. It shows that ϕ is nothing but the angle between the major axis of the
Earth’s orbit and x axis of the heliocentric coordinate system. The angle ϕ can take any value in the interval [0, 2pi). Because e′ and e
have the same order of magnitudes, like the cases of Eqs. (2.2), (2.7) and (2.8), ψ′ can be and only needs to be expanded to e′3 order.
Moreover, due to the same order of magnitudes for ζ and e′3, ψ′ also needs to be expanded to ζ1 order,
ψ′ = Ωt+ χ− ϕ− sin (Ωt+ χ− ϕ) e′ + sin (2 (Ωt+ χ− ϕ))
2
e′2
+
(
1
8
sin (Ωt+ χ− ϕ)− 3
8
sin (3 (Ωt+ χ− ϕ))
)
e′3 + (Ωt)ζ. (3.7)
Applying it into Eq. (3.1), the expansion of r′ to e′3 order and ζ1 order can be written as
r′ = r′[0] + r′[1] + r′[2] + r′[3], (3.8)
where r′[n] =
(
x′[n], y′[n], z′[n]
)
(n = 0, 1, 2, 3), the superscript numbers in square brackets indicate the order of e′, and in particular, the
superscript [3] denotes that it also contains the linear terms of ζ.
x′[0] = R cos(χ+ Ωt),
y′[0] = R sin(χ+ Ωt),
z′[0] = 0,
(3.9)

x′[1] = Re′
(
3
2
cosϕ− 1
2
cos (ϕ− 2(χ+ Ωt))
)
,
y′[1] = Re′
(
3
2
sinϕ+
1
2
sin (ϕ− 2(χ+ Ωt))
)
,
z′[1] = 0,
(3.10)

x′[2] = Re′2
(
3
8
cos(2ϕ− 3(χ+ Ωt)) + 1
8
cos(2ϕ− (χ+ Ωt))− 1
2
cos(χ+ Ωt)
)
,
y′[2] = Re′2
(
−3
8
sin(2ϕ− 3(χ+ Ωt)) + 1
8
sin(2ϕ− (χ+ Ωt))− 1
2
sin(χ+ Ωt)
)
,
z′[2] = 0,
(3.11)

x′[3] = R
[
e′3
(
−1
3
cos(3ϕ− 4(χ+ Ωt)) + 3
8
cos(ϕ− 2(χ+ Ωt))− 1
24
cos(3ϕ− 2(χ+ Ωt))
)
− ζΩt sin(χ+ Ωt)
]
,
y′[3] = R
[
e′3
(
1
3
sin(3ϕ− 4(χ+ Ωt))− 3
8
sin(ϕ− 2(χ+ Ωt))− 1
24
sin(3ϕ− 2(χ+ Ωt))
)
+ ζΩt cos(χ+ Ωt)
]
,
z′[3] = 0.
(3.12)
In Refs. [12, 13], the Earth’s orbit is simplified to be a circle in the ecliptic plane, namely, given by Eq. (3.9). From Eqs. (2.21) and
(2.22), at e0 order, the trajectory of the barycentre of three SCs is also a circle in x-y plane:
r[0] = r(0) = (R cos(Ωt), R sin(Ωt), 0), (3.13)
and thus, the trailing angle r[0] following r′[0] is χ, which is the so-called nominal trailing angle of Taiji constellation following the Earth
from the viewpoint of the Sun. In this paper, χ is assumed to be about ±pi/9, and the negative value of χ means that the constellation
is preceding the Earth.
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B. The perturbation of the Earth on SCs
The Earth perturbation on every SC can be discussed, separately, so it is actually the problem of three bodies and is inherently non-
linear. Therefore, the equations of motion in the problem of three bodies can be used to deal with the effect of the Earth perturbation.
The equation of SCk perturbed by the Earth is
d2rk
dt2
+
µrk
r3k
= ∇kRk, (3.14)
where µ = G(mS +m) ≈ GmS,
∇k :=
(
∂
∂xk
,
∂
∂yk
,
∂
∂zk
)
is the gradient operator, and
Rk := GmE
(
1
|r′ − rk| −
r′ · rk
r′3
)
(3.15)
is the corresponding perturbative function [15] with r′ := |r′|. Thus, Eq. (3.14) can be rewritten into
d2rk
dt2
+
µrk
r3k
= GmE
(
r′ − rk
|r′ − rk|3 −
r′
r′3
)
. (3.16)
Clearly, the first term on the right hand side of above equation is the gravitational acceleration of SCk due to the Earth, and the second
term is the negative of the gravitational acceleration of the Sun due to the Earth, which represents the contribution of the interaction
between the Sun and the Earth.
Because mE  mS, the solution of Eq. (3.16) can be assumed to have the form of
rk =
0
rk +
1
rk . (3.17)
Here,
0
rk is the unperturbed Keplerian orbit of SCk in the previous section, and it satisfies the equation of SCk only attracted by the Sun:
d2
0
rk
dt2
+
µ
0
rk( 0
rk
)3 = 0, (3.18)
where
0
rk= | 0rk |. 0rk is exactly the solution of the homogeneous equation of Eq. (3.16). Therefore, by applying Eqs. (2.1), (2.5) and (2.6)
into Eq. (3.18), there is
µ = R3Ω2, (3.19)
which is just the Kepler’s third law.
1
rk is the perturbative solution, and thus, inserting Eqs. (3.17) and (3.18) into Eq. (3.16) gives the
equation of
1
rk, namely,
d2
1
rk
dt2
+
µ
1
rk( 0
rk
)3 − 3µ( 0rk · 1rk) 0rk( 0
rk
)5 = GmE
 r′− 0rk∣∣r′− 0rk ∣∣3 −
r′
r′3
 . (3.20)
With Eq. (3.19), Eq. (3.20) can be rewritten in the dimensionless form:
1
Ω2
d2
dt2
(
1
rk
R
)
+
R3( 0
rk
)3 1rkR − 3R5( 0rk )5
(
0
rk
R
·
1
rk
R
)
0
rk
R
= κ
R2
(
r′− 0rk
)
∣∣r′− 0rk ∣∣3 −
R2r′
r′3
 , (3.21)
where κ := mE/mS = 2ζ. From Eqs. (2.16) and (2.9),
0
rk=
0
r
[0]
k +
0
r
[1]
k + · · · ,
R3( 0
rk
)3 = 1− 3 (cosσk) e+ · · · , R5( 0
rk
)5 = 1− 5 (cosσk) e+ · · · , (3.22)
and moreover, by Eq. (3.8),
r′ = r′[0] + r′[1] + · · · . (3.23)
Further, the perturbative solution
1
rk can also be expanded in terms of the order of e,
1
rk=
1
r
[2]
k +
1
r
[3]
k + · · · . (3.24)
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In the following, it will be proved that
1
r
[2]
k ,
1
r
[3]
k have the same orders of magnitudes as e
2, e3, respectively, as indicated by the superscript
numbers in square brackets. In fact, Eq. (3.21) can be expanded in terms of the order of e by using Eqs. (3.22)—(3.24). The leading-order
of Eq. (3.21) reads
1
Ω2
d2
dt2
 1r[2]k
R
+ 1r[2]k
R
− 3
 0r[0]k
R
·
1
r
[2]
k
R
 0r[0]k
R
=
κ
λ
3
2
r′[0]− 0r
[0]
k
R
, (3.25)
where
λ :=
∣∣∣∣∣∣r
′[0]− 0r
[0]
k
R
∣∣∣∣∣∣
2
= 4 sin2
(χ
2
)
≈ 0.1206, (3.26)
and the second term on the right hand side of Eq. (3.21), the interaction between the Sun and the Earth, has been omitted because
it is suppressed by λ
3
2 ≈ 4.189 × 10−2. Eq. (3.25) shows that the magnitude of 1r
[2]
k is determined by the perturbative parameter
κ/λ
3
2 ≈ 7.258 × 10−5, which is the same order as e2 ≈ 3.351 × 10−5. It is the same as the definitions of the perturbative parameters in
Refs. [13] and [12]. The initial condition for Eq. (3.21) is assumed to be
1
rk |t=t0 = 0,
d
1
rk
dt
∣∣∣
t=t0
= 0, (3.27)
where t0 is the time of SCk entering the unperturbed Keplerian orbit, and then, for Eq. (3.25), its initial condition should be
1
r
[2]
k |t=t0 = 0,
d
1
r
[2]
k
dt
∣∣∣
t=t0
= 0. (3.28)
Thus, the solution of Eq. (3.25), under the initial condition (3.28), is
1
r
[2]
k =
(
1
x
[2]
k ,
1
y
[2]
k ,
1
z
[2]
k
)
with
1
x
[2]
k =
κ
λ
3
2
R
[
− cos(Ωt) + 3
2
cos(Ωt0)− 3
2
cos(χ− Ωt) + 5
2
cos(χ+ Ωt) +
3
4
cos(χ− Ωt0)− 1
2
cos(2Ωt− Ωt0)
− 1
4
cos(χ+ 2Ωt− Ωt0)− 9
4
cos(χ+ Ωt0) +
3
4
cos(χ− 2Ωt+ Ωt0) + (−2 sin(Ωt) + 2 sin(χ+ Ωt)) Ω(t− t0)
+
(
3
4
cos(χ− Ωt)− 3
4
cos(χ+ Ωt)
)
Ω2(t− t0)2
]
,
1
y
[2]
k =
κ
λ
3
2
R
[
− sin(Ωt) + 3
2
sin(Ωt0) +
3
2
sin(χ− Ωt) + 5
2
sin(χ+ Ωt)− 3
4
sin(χ− Ωt0)− 1
2
sin(2Ωt− Ωt0)
− 1
4
sin(χ+ 2Ωt− Ωt0)− 9
4
sin(χ+ Ωt0)− 3
4
sin(χ− 2Ωt+ Ωt0) + (2 cos(Ωt)− 2 cos(χ+ Ωt)) Ω(t− t0)
+
(
−3
4
sin(χ− Ωt)− 3
4
sin(χ+ Ωt)
)
Ω2(t− t0)2
]
,
1
z
[2]
k = 0.
(3.29)
For k = 1, 2, 3, the above solution remains the same, so the perturbative solutions of the leading order are the same for three SCs.
Therefore, the relative motion between SCs is not affected by these solutions, and all the kinematic indicators of Taiji triangle are not
affected either. But, the above solutions can change the barycentre of three SCs at κ/λ
3
2 ∼ e2 order, so the trailing angle of Taiji
configuration will be corrected by the above solutions.
The next-leading-order of Eq.(3.21) can be obtained with the help of Eq.(3.25),
1
Ω2
d2
dt2
 1r[3]k
R
+ 1r[3]k
R
− 3
 0r[0]k
R
·
1
r
[3]
k
R
 0r[0]k
R
=
κ
λ
3
2
Dk −Ak, (3.30)
where 
Ak := −3e cosσk
1
r
[2]
k
R
− 3
(−5e cosσk)
 0r[0]k
R
·
1
r
[2]
k
R
 0r[0]k
R
+
 0r[1]k
R
·
1
r
[2]
k
R
 0r[0]k
R
+
 0r[0]k
R
·
1
r
[2]
k
R
 0r[1]k
R
 ,
Dk :=
r′[1]− 0r
[1]
k
R
− 3
λ
r′[0]− 0r[0]k
R
· r
′[1]− 0r
[1]
k
R
 r′[0]− 0r[0]k
R
− λ 32 r′[0]
R
.
(3.31)
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The fact that the expression of Ak depends on
1
r
[2]
k means that the solution of Eq. (3.30), as the next-leading-order perturbative solution,
is dependent on the leading-order perturbative solution, and obviously, its order is the same as e3 ≈ 1.940 × 10−7. The last term of Dk
shows that the interaction between the Sun and the Earth, from the second term on the right hand side of Eq. (3.21), has been considered
in Eq. (3.30). From Eq. (3.27), the initial condition of Eq. (3.30) should be
1
r
[3]
k |t=t0 = 0,
d
1
r
[3]
k
dt
∣∣∣
t=t0
= 0, (3.32)
and then, by inserting the perturbative solution (3.29) of the leading order into Ak, the solution of Eq. (3.30) is
1
r
[3]
k = (
1
x
[3]
k ,
1
y
[3]
k ,
1
z
[3]
k ) with
1
x
[3]
k =
κ
λ
3
2
R
(
Exke+ E
′
xke
′ + Λxkλ
3
2
)
,
1
y
[3]
k =
κ
λ
3
2
R
(
Eyke+ E
′
yke
′ + Λykλ
3
2
)
,
1
z
[3]
k =
κ
λ
3
2
R
(
Ezke+ E
′
zke
′ + Λzkλ
3
2
)
,
(3.33)
where
Exk = −37
16
cos(2ρk) +
45
32
cos(χ− 2ρk)− 111
32
cos(χ+ 2ρk) +
3
4
cos(3ρk − ρk0)− 9
32
cos(χ− 2ρk0) + 3
8
cos(χ+ 3ρk − ρk0)
−9
8
cos(χ− 3ρk + ρk0) + 3
4
cos(χ+ ρk + ρk0) +
75
32
cos(χ+ 2ρk0) +
21
16
cos(2ρk0) +
1
8
cos
(
χ+ ρk − ρk0 − (k − 1)2pi
3
)
+
3
32
cos
(
χ+ 2ρk − 2ρk0 + (k − 1)2pi
3
)
− 7
16
cos
(
2ρk − 2ρk0 + (k − 1)2pi
3
)
− 25
32
cos
(
χ− 2ρk + 2ρk0 − (k − 1)2pi
3
)
+ cos
(
(k − 1)2pi
3
)(
87
16
+
75
16
cosχ− 5 cos (ρk − ρk0)− 33
8
cos (χ− ρk + ρk0) + 1
4
cos
(
ρk + ρk0 + (k − 1)2pi
3
))
+(k − 1) cosk
(
2pi
3
)(
33
√
3
4
sinχ+
√
3
2
sin
(
ρk + ρk0 + (k − 1)2pi
3
)
+ 11
√
3 sin (ρk − ρk0)− 27
√
3
4
sin (χ− ρk + ρk0)
)
+
[
7
8
sin(2ρk) +
15
16
sin(χ− 2ρk)− 27
16
sin(χ+ 2ρk)− 3
8
sin(χ− ρk − ρk0)− 3 sin(ρk + ρk0)− 27
8
sin(χ+ ρk + ρk0)
+
3
8
sin
(
χ+ ρk − ρk0 + (k − 1)2pi
3
)
− 3 sin
(
ρk − ρk0 + (k − 1)2pi
3
)
+
27
8
sin
(
χ− ρk + ρk0 − (k − 1)2pi
3
)
+
9
4
cos
(
(k − 1)2pi
3
)
sinχ− (k − 1) cosk
(
2pi
3
)(
27
√
3
4
+
15
√
3
4
cosχ
)]
Ω(t− t0) +
(
−3
4
cos(χ− 2ρk)
+
3
4
cos(χ+ 2ρk)
)
Ω2(t− t0)2, (3.34)
Eyk = −37
16
sin(2ρk)− 45
32
sin(χ− 2ρk)− 111
32
sin(χ+ 2ρk) +
3
4
sin(3ρk − ρk0) + 9
32
sin(χ− 2ρk0) + 3
8
sin(χ+ 3ρk − ρk0)
+
9
8
sin(χ− 3ρk + ρk0) + 3
4
sin(χ+ ρk + ρk0) +
75
32
sin(χ+ 2ρk0) +
21
16
sin(2ρk0)− 1
8
sin
(
χ+ ρk − ρk0 − (k − 1)2pi
3
)
+
3
32
sin
(
χ+ 2ρk − 2ρk0 + (k − 1)2pi
3
)
− 7
16
sin
(
2ρk − 2ρk0 + (k − 1)2pi
3
)
+
25
32
sin
(
χ− 2ρk + 2ρk0 − (k − 1)2pi
3
)
+(k − 1) cosk
(
2pi
3
)(
87
√
3
8
+
75
√
3
8
cosχ− 10
√
3 cos (ρk − ρk0)−
√
3
2
cos
(
ρk + ρk0 + (k − 1)2pi
3
)
− 33
√
3
4
× cos (χ− ρk + ρk0)
)
+ cos
(
(k − 1)2pi
3
)(
−33
8
sinχ+
1
4
sin
(
ρk + ρk0 + (k − 1)2pi
3
)
− 11
2
sin (ρk − ρk0)
+
27
8
sin (χ− ρk + ρk0)
)
+
[
−7
8
cos(2ρk) +
15
16
cos(χ− 2ρk) + 27
16
cos(χ+ 2ρk)− 3
8
cos(χ− ρk − ρk0) + 3 cos(ρk + ρk0)
+
27
8
cos(χ+ ρk + ρk0)− 3
8
cos
(
χ+ ρk − ρk0 + (k − 1)2pi
3
)
+ 3 cos
(
ρk − ρk0 + (k − 1)2pi
3
)
+
27
8
cos (χ− ρk + ρk0
−(k − 1)2pi
3
)
+
9
√
3
2
(k − 1) cosk
(
2pi
3
)
sinχ+ cos
(
(k − 1)2pi
3
)(
27
8
+
15
8
cosχ
)]
Ω(t− t0) +
(
3
4
sin(χ− 2ρk)
+
3
4
sin(χ+ 2ρk)
)
Ω2(t− t0)2, (3.35)
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Ezk = tanφ
[
− cosσk + 3
2
cosσk0 − 3
2
cos(χ− σk) + 9
4
cos(χ+ σk) +
3
4
cos(χ− σk0)− 1
2
cos(2σk − σk0)− 1
4
cos(χ+ 2σk
−σk0) + 3
4
cos(χ− 2σk + σk0)− 9
4
cos(χ+ σk0) +
1
4
cos (χ− σk + 2σk0) +
(
−2 sinσk + 3
2
sin(χ+ σk)
)
Ω(t− t0)
+
(
3
4
cos(χ− σk)− 3
4
cos(χ+ σk)
)
Ω2(t− t0)2
]
, (3.36)
E ′xk = −
87
32
cosϕ− 15
32
cos(ϕ− 2χ)− 111
16
cos(ϕ− χ) + 45
32
cos(ϕ− 2Ωt) + 5
32
cos(ϕ− 2χ− 2Ωt) + 45
16
cos(ϕ− χ− 2Ωt)
− 9
32
cos(ϕ− 2Ωt0)− 9
32
cos(ϕ− 2χ− 2Ωt0)− 45
16
cos(ϕ− χ− 2Ωt0) + 3
32
cos(ϕ+ 2Ωt− 2Ωt0) + 3
32
cos(ϕ− 2χ
+2Ωt− 2Ωt0) + 15
16
cos (ϕ− χ+ 2Ωt− 2Ωt0)− 9
8
cos (ϕ− Ωt− Ωt0) + 1
8
cos (ϕ− 2χ− Ωt− Ωt0) + 21
8
cos (ϕ
+Ωt− Ωt0) + 3
8
cos (ϕ− 2χ+ Ωt− Ωt0) + 6 cos (ϕ− χ+ Ωt+ Ωt0) +
(
27
16
sinϕ+
3
16
sin (ϕ− 2χ) + 27
8
sin (ϕ− χ)
− 9
16
sin (ϕ− 2Ωt)− 1
16
sin (ϕ− 2χ− 2Ωt)− 9
8
sin (ϕ− χ− 2Ωt)− 9
8
sin (ϕ− Ωt− Ωt0)− 3
8
sin(ϕ− 2χ− Ωt− Ωt0)
− 9
2
sin (ϕ− χ− Ωt− Ωt0) + 9
8
sin (ϕ+ Ωt− Ωt0) + 3
8
sin (ϕ− 2χ+ Ωt− Ωt0) + 9
2
sin (ϕ− χ+ Ωt− Ωt0)
)
×Ω(t− t0), (3.37)
E ′yk = −
87
32
sinϕ− 15
32
sin(ϕ− 2χ)− 111
16
sin(ϕ− χ)− 45
32
sin(ϕ− 2Ωt)− 5
32
sin(ϕ− 2χ− 2Ωt)− 45
16
sin(ϕ− χ− 2Ωt)
+
9
32
sin(ϕ− 2Ωt0) + 9
32
sin(ϕ− 2χ− 2Ωt0) + 45
16
sin(ϕ− χ− 2Ωt0) + 3
32
sin(ϕ+ 2Ωt− 2Ωt0) + 3
32
sin(ϕ− 2χ
+2Ωt− 2Ωt0) + 15
16
sin (ϕ− χ+ 2Ωt− 2Ωt0) + 9
8
sin (ϕ− Ωt− Ωt0)− 1
8
sin (ϕ− 2χ− Ωt− Ωt0) + 21
8
sin (ϕ
+Ωt− Ωt0) + 3
8
sin (ϕ− 2χ+ Ωt− Ωt0) + 6 sin (ϕ− χ+ Ωt+ Ωt0) +
(
−27
16
cosϕ− 3
16
cos (ϕ− 2χ)− 27
8
cos (ϕ− χ)
− 9
16
cos (ϕ− 2Ωt)− 1
16
cos (ϕ− 2χ− 2Ωt)− 9
8
cos (ϕ− χ− 2Ωt)− 9
8
cos (ϕ− Ωt− Ωt0)− 3
8
cos(ϕ− 2χ− Ωt− Ωt0)
− 9
2
cos (ϕ− χ− Ωt− Ωt0)− 9
8
cos (ϕ+ Ωt− Ωt0)− 3
8
cos (ϕ− 2χ+ Ωt− Ωt0)− 9
2
cos (ϕ− χ+ Ωt− Ωt0)
)
×Ω(t− t0), (3.38)
E ′zk = 0, (3.39)
Λxk =
3
2
cos(χ− Ωt)− 5
2
cos(χ+ Ωt)− 3
4
cos(χ− Ωt0) + 1
4
cos(χ+ 2Ωt− Ωt0) + 9
4
cos(χ+ Ωt0)− 3
4
cos(χ− 2Ωt+ Ωt0)
−2 sin(χ+ Ωt)Ω(t− t0) +
(
−3
4
cos(χ− Ωt) + 3
4
cos(χ+ Ωt)
)
Ω2(t− t0)2, (3.40)
Λyk = −3
2
sin(χ− Ωt)− 5
2
sin(χ+ Ωt) +
3
4
sin(χ− Ωt0) + 1
4
sin(χ+ 2Ωt− Ωt0) + 9
4
sin(χ+ Ωt0) +
3
4
sin(χ− 2Ωt+ Ωt0)
+2 cos(χ+ Ωt)Ω(t− t0) +
(
3
4
sin(χ− Ωt) + 3
4
sin(χ+ Ωt)
)
Ω2(t− t0)2, (3.41)
Λzk = 0. (3.42)
Here, the parameter angles ρk, ρk0 and σk0 are defined as
ρk = Ωt+ (k − 1)2pi
3
, ρk0 = Ωt0 + (k − 1)2pi
3
, σk0 = Ωt0 − (k − 1)2pi
3
, for k = 1, 2, 3. (3.43)
Clearly, the above solutions contain three parts, which are characterized by e, e′ and λ
3
2 , respectively. Among these three parts, only
the one related to e depends on k. It is this part that leads to the perturbative solutions of the next leading order for three SCs being
different from each other. That is to say, the part of the next-leading-order perturbative solutions related to e affects the relative motion
between SCs and further affects all the kinematic indicators of Taiji triangle. Moreover, it can be shown that the part of Eq. (3.33)
related to e does not affect the barycentre of three SCs. In contrast, the other two parts of the next-leading-order perturbative solutions
have no contribution to the relative motion between SCs but can change the barycentre of three SCs at κe/λ
3
2 ∼ κe′/λ 32 ∼ κ ∼ e3 order
in comparison with the leading-order perturbative solution. Therefore, the trailing angle of Taiji configuration will be corrected only by
these two parts of the next-leading-order perturbative solutions.
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C. The influence of the Earth perturbation on Taiji configuration
Eqs. (3.17) and (3.24) provide the radius vector of SCk perturbed by the Earth to the order of e3 in heliocentric coordinate system,
rk =
0
rk +
1
r
[2]
k +
1
r
[3]
k , (3.44)
where
0
rk is given by Eq. (2.16). Then, the corresponding relative radius vectors of SCs, namely rij := ri − rj (i, j = 1, 2, 3, i 6= j), can
be derived:
rij =
0
rij +
1
r
[2]
ij +
1
r
[3]
ij , (3.45)
where
0
rij has been presented in Eq (2.24). By Eqs. (3.29) and (3.33)—(3.43),
1
r
[2]
ij =
1
r
[2]
i −
1
r
[2]
j = 0, (3.46)
1
r
[3]
ij =
1
r
[3]
i −
1
r
[3]
j =
κe
λ
3
2
REij (3.47)
with Eij := (Exi−Exj, Eyi−Eyj, Ezi−Ezj). By use of these results, the arm-length of SCi and SCj perturbed by the Earth and its rate
of change to the order of e3 are derived, respectively,
lij =
0
lij +
1
l
[3]
ij =
0
lij +
κe
λ
3
2
R
0
r
[1]
ij ·Eij
| 0r
[1]
ij |
, (3.48)
vij =
0
vij +
1
v
[3]
ij =
0
vij +
κe
λ
3
2
R
d
dt
 0r[1]ij ·Eij
| 0r
[1]
ij |
 . (3.49)
0
lij is the arm-length of SCi and SCj only attracted by the Sun, and
0
vij is its corresponding rate of change. Under the optimized
case (2.46) of unperturbed Keplerian orbits of SCs, the expressions of
0
lij and
0
vij are Eqs. (2.48) and (2.49), respectively.
1
l
[3]
ij and
1
v
[3]
ij
are the leading-order corrections to
0
lij and
0
vij due to the attraction of the Earth, respectively, and their expressions can be derived by
Eqs. (3.45)—(3.47),
1
l
[3]
ij =
κe
λ
3
2
R
[
125
√
3
32
+
147
√
3
32
cosχ+
123
√
3
32
cos(2θij)− 13
√
3
4
cos(θij − θij0)− 21
√
3
32
cos(2θij − 2θij0)
−
√
3
8
cos(3θij − θij0)− 35
√
3
32
cos(2θij0)− 21
√
3
8
cos(θij + θij0) +
9
√
3
64
cos(χ− 2θij) + 129
√
3
64
cos(χ+ 2θij)
+
15
√
3
64
cos(χ− 2θij0) + 9
√
3
64
cos(χ+ 2θij − 2θij0) + 3
√
3
8
cos(χ+ θij − θij0)−
√
3
16
cos(χ+ 3θij − θij0)
+
3
√
3
16
cos(χ− 3θij + θij0)− 33
√
3
8
cos(χ− θij + θij0)− 137
√
3
64
cos(χ+ 2θij0)− 63
√
3
64
cos(χ− 2θij + 2θij0)
−9
√
3
16
cos(χ− θij − θij0) + 3
√
3
16
cos(χ+ θij + θij0) +
(
3
√
3 sinχ+
27
√
3
16
sin(2θij)− 3
√
3 sin(θij − θij0)
+3
√
3 sin(θij + θij0)− 21
√
3
32
sin(χ− 2θij) + 21
√
3
32
sin(χ+ 2θij) +
3
√
3
8
sin(χ+ θij − θij0) + 27
√
3
8
sin(χ
−θij + θij0) + 3
√
3
8
sin(χ− θij − θij0) + 27
√
3
8
sin(χ+ θij + θij0)
)
Ω(t− t0)
]
, (3.50)
1
v
[3]
ij =
κe
λ
3
2
RΩ
[
3
√
3 sinχ− 6
√
3 sin(2θij) +
√
3
4
sin(θij − θij0) + 21
√
3
16
sin(2θij − 2θij0) + 3
√
3
8
sin(3θij − θij0)
+
45
√
3
8
sin(θij + θij0)− 3
√
3
8
sin(χ− 2θij)− 27
√
3
8
sin(χ+ 2θij)− 9
√
3
32
sin(χ+ 2θij − 2θij0) + 3
√
3
16
× sin(χ+ 3θij − θij0) + 9
√
3
16
sin(χ− 3θij + θij0)− 3
√
3
4
sin(χ− θij + θij0)− 63
√
3
32
sin(χ− 2θij + 2θij0)
−3
√
3
16
sin(χ− θij − θij0) + 51
√
3
16
sin(χ+ θij + θij0) +
(
27
√
3
8
cos(2θij)− 3
√
3 cos(θij − θij0) + 3
√
3
× cos(θij + θij0) + 21
√
3
16
cos(χ− 2θij) + 21
√
3
16
cos(χ+ 2θij) +
3
√
3
8
cos(χ+ θij − θij0)− 27
√
3
8
cos(χ
−θij + θij0)− 3
√
3
8
cos(χ− θij − θij0) + 27
√
3
8
cos(χ+ θij + θij0)
)
Ω(t− t0)
]
, (3.51)
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where 
θ120 = Ωt0 − pi
3
,
θ230 = Ωt0 − pi,
θ310 = Ωt0 − 5pi
3
.
(3.52)
As to the vertex angle βij of Taiji triangle, the angle between the relative radius vectors of SCs rki, rkj (i 6= j), according to its
definition (2.31), its expression to the order of e2 is
βij =
0
βij +
1
β
[2]
ij , (3.53)
where
0
βij is certainly the angle between
0
rki,
0
rkj (i 6= j), and under the optimized case of Eq. (2.46), its expression is Eq. (2.50). As the
cases of lij and vij, the leading-order correction of
0
βij due to the attraction of the Earth can also be derived by Eqs. (3.45)—(3.47),
1
β
[2]
ij =
κ
λ
3
2
[
123
√
3
64
cos(2θij)−
√
3
16
cos(3θij − θij0)− 35
√
3
64
cos(2θij0)− 21
√
3
16
cos(θij + θij0) +
9
√
3
128
cos(χ− 2θij)
+
129
√
3
128
cos(χ+ 2θij) +
15
√
3
128
cos(χ− 2θij0)−
√
3
32
cos(χ+ 3θij − θij0) + 3
√
3
32
cos(χ− 3θij + θij0)− 137
√
3
128
× cos(χ+ 2θij0)− 9
√
3
32
cos(χ− θij − θij0) + 3
√
3
32
cos(χ+ θij + θij0) +
(
27
√
3
32
sin(2θij) +
3
√
3
2
sin(θij + θij0)
−21
√
3
64
sin(χ− 2θij) + 21
√
3
64
sin(χ+ 2θij) +
3
√
3
16
sin(χ− θij − θij0) + 27
√
3
16
sin(χ+ θij + θij0)
)
Ω(t− t0)
]
. (3.54)
Eqs. (2.28), (3.50)—(3.52) and (3.54) show that all the kinematic indicators of Taiji triangle still remain a phase shift of 2pi/3, which
implies that even under the perturbation of the Earth, three SCs still keep the symmetry in the present orbit model. As shown by
Eqs. (3.3)—(3.6), because the semi-major axes of the orbits of the Earth and SCs are the same but the total mass of the Sun and the
Earth is different from that of the Sun and each SC, according to Kepler’s third law, the average angular velocities of the Earth and SCs
are different tinily. In this paper, only Eq. (3.21) up to its next-leading-order is focused on, so by Eqs. (3.12) and (3.23), the difference
between the average angular velocities of the Earth and SCs does not contribute to the perturbative solutions, and further does not affect
the kinematic indicators of Taiji triangle.
As is mentioned before, the barycentre of three SCs also need be corrected by the Earth perturbation. By use of Eqs. (2.16) and (3.44),
the radius vector of the barycentre of three SCs perturbed by the Earth is
r =
1
3
(r1 + r2 + r3) =
0
r +
1
r
[2]
+
1
r
[3]
, (3.55)
where
0
r is just r in Eq. (2.21), the barycentre of three SCs unperturbed by the Earth, whose three components in heliocentric coordinate
system are in Eq. (2.22), and
1
r
[2]
and
1
r
[3]
are the leading-order and next-leading-order corrections to
0
r due to the attraction of the Earth,
respectively. Eq. (3.29) shows that
1
r
[2]
1 =
1
r
[2]
2 =
1
r
[2]
3 .
Hence,
1
r
[2]
=
1
3
(
1
r
[2]
1 +
1
r
[2]
2 +
1
r
[2]
3
)
=
1
r
[2]
k , for k = 1, 2, 3. (3.56)
Further, by using Eqs. (3.33)—(3.43),
1
r
[3]
=
1
3
(
1
r
[3]
1 +
1
r
[3]
2 +
1
r
[3]
3
)
=
κ
λ
3
2
R
(
E ′xke
′ + Λxkλ
3
2 , E ′yke
′ + Λykλ
3
2 , 0
)
. (3.57)
In order to derive the trailing angle of Taiji constellation following the Earth from the viewpoint of the Sun, the projection of r on the
x-y plane (the ecliptic plane) needs to be evaluated, and it is
r‖ =
0
r‖ +
1
r
[2]
+
1
r
[3]
. (3.58)
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Here,
0
r‖ is the projection of
0
r on the x-y plane, and its components are given by the first two expressions in Eq. (2.22). Since the
z-components of both
1
r
[2]
and
1
r
[3]
are zero, the projections of
1
r
[2]
and
1
r
[3]
on the x-y plane are themselves. Thus, the trailing angle of
Taiji constellation following the Earth from the viewpoint of the Sun is defined by
χ˜ = ± arccos
(
r‖ · r′
|r‖||r′|
)
, (3.59)
where the sign “−” on the right hand side represents that Taiji constellation is preceding the Earth. With Eqs. (2.22), (3.8)—(3.12) and
(3.56)—(3.58), the expression of χ˜ under the optimized case of Eq. (2.46) to the order of e3 is
χ˜ = χ+ 2 sin(ϕ− (χ+ Ωt))e′ − 5
4
sin(2ϕ− 2(χ+ Ωt))e′2 +
(
13
12
sin(3ϕ− 3(χ+ Ωt))− 1
4
sin(ϕ− (χ+ Ωt))
)
e′3 + Ωtζ
+
2
3
sin(3Ωt)e3 +
κ
λ
3
2
(
− 4 sinχ+ 2 sin(Ωt− Ωt0) + sin(χ+ Ωt− Ωt0) + 3 sin(χ− Ωt+ Ωt0) + (−2 + 2 cosχ)
×Ω(t− t0) + 3
2
sinχΩ2(t− t0)2
)
+
κ
λ
3
2
[(
4 sinχ− sin(χ+ Ωt− Ωt0)− 3 sin(χ− Ωt+ Ωt0)− 2 cosχΩ(t− t0)
−3
2
sinχΩ2(t− t0)2
)
λ
3
2 +
(
33
8
sin(ϕ− Ωt) + 39
4
sin(ϕ− χ− Ωt) + 5
8
sin(ϕ− 2χ− Ωt)− 3
8
sin(ϕ+ Ωt− 2Ωt0)
−15
4
sin(ϕ− χ+ Ωt− 2Ωt0)− 3
8
sin(ϕ− 2χ+ Ωt− 2Ωt0)− 15
4
sin(ϕ− Ωt0)− 6 sin(ϕ− χ− Ωt0)− 1
4
sin(ϕ
−2χ− Ωt0) +
(9
4
cos(ϕ− Ωt) + 9
2
cos(ϕ− χ− Ωt) + 1
4
cos(ϕ− 2χ− Ωt) + 9
4
cos(ϕ− Ωt0) + 9 cos(ϕ− χ− Ωt0)
+
3
4
cos(ϕ− 2χ− Ωt0)
)
Ω(t− t0)
)
e′
]
. (3.60)
Eq. (3.60) shows that although the tiny difference between the average angular velocities of the Earth and SCs does not contribute to
the kinematic indicators of Taiji triangle, but it can correct the trailing angle of Taiji constellation at the order of e′3(e3). Moreover, since
the difference between the average angular velocities of the Earth and SCs is very tiny, the Earth perturbs SCs in an almost resonance
way, which leads to the existence of the terms characterized by Ω(t− t0) and Ω2(t− t0)2 in the results related to the perturbation of the
Earth so that these results will grow unboundedly over time.
As indicated by Eqs. (3.48), (3.49) and (3.53),
1
l
[3]
ij and
1
v
[3]
ij are the corrections to
0
lij and
0
vij at the order of e
3, respectively, and
1
β
[2]
ij is
the correction to
0
βij at the order of e
2, so the following conditions must be hold:
1
l
[3]
ij
0
l
[2]
ij ,
1
v
[3]
ij
0
v
[2]
ij ,
1
β
[2]
ij
0
β
[1]
ij . (3.61)
When Ω(t−t0) > 1, Eqs. (3.50), (3.51) and (3.54) show that the magnitudes of
1
l
[3]
ij ,
1
v
[3]
ij and
1
β
[2]
ij are determined by
κe
λ3/2
RΩ(t−t0), κeλ3/2RΩ2(t−
t0) and
κ
λ3/2
Ω(t−t0), respectively, and by Eqs. (2.48)—(2.50), those of
0
l
[2]
ij ,
0
v
[2]
ij and
0
β
[1]
ij are determined by Re
2, RΩe2 and e. Thus, Eq. (3.61)
brings about
Ω(t− t0) e
κ/λ3/2
≈ 79.76. (3.62)
This is just a very loose constraint on the running period of Taiji program. In fact, in order that the perturbation expansion is valid, the
conditions ∣∣ 1r[2]k ∣∣ ∣∣ 0r[1]k ∣∣, ∣∣ 1r[3]k ∣∣ ∣∣ 0r[2]k ∣∣ (3.63)
are required. Similarly to the above discussion, when Ω(t − t0) > 1, Eqs. (3.29) and (3.33)—(3.43) show that the magnitudes of
∣∣ 1r[2]k ∣∣
and
∣∣ 1r[3]k ∣∣ are determined by κλ3/2RΩ2(t− t0)2 and κeλ3/2RΩ2(t− t0)2, respectively, and by Eqs. (2.16)—(2.20), those of ∣∣ 0r[1]k ∣∣ and ∣∣ 0r[2]k ∣∣
are determined by Re and Re2, which gives
Ω(t− t0)
(
e
κ/λ3/2
) 1
2
≈ 8.931. (3.64)
From the above inequality, the running period of Taiji program should be set reasonably to be 8.931/3 ≈ 3 years, so that Taiji configuration
needs to be restored to their initial state every 3 years if one wishes to lengthen the lifetime of Taiji program. It should be pointed out
that the same conclusion can also be drawn by the expression (3.60) of the trailing angle of Taiji constellation following the Earth from
the viewpoint of the Sun.
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IV. SUMMARY AND DISCUSSIONS
The ground-based detectors are unable to detect the low frequency GWs [5], so the space-based GW detector, like LISA [6, 7], will
become increasingly important. Taiji program [10, 11], set up by the Chinese Academy of Sciences, is composed of three identical SCs,
and these SCs orbit the Sun and form a triangle whose nominal side is about 3× 106 km. Taiji program will observe GWs covering the
ranges from 0.1 mHz to 1.0 Hz by using coherent laser beams exchanged between three SCs. In this paper, the model in Refs. [6, 7]
designed for LISA mission could be used in the Taiji program with the replacement of the orbit parameters due to the similarity between
Taiji program and LISA mission, and the orbits of Taiji SCs are analytically analyzed in the heliocentric coordinate system in a higher
precision than those of LISA SCs [6, 7, 12, 13] in the Hill system or CW system [13].
As the primary task, the unperturbed Keplerian orbits of Taiji SCs are expanded to e3 order firstly. Then, the three arm-lengths of
Taiji triangle and their rates of change are also expanded to e3 order, while the three vertex angles of the triangle are expanded to e2
order. The expansions of these kinematic indicators of Taiji triangle show that only under the cases of the angle φ = ±pi/3, Taiji triangle
is approximately equilateral one. However even so, the relative motion between SCs still exists, so that the laser frequency noise of Taiji
cannot be suppressed effectively by TDI like LISA [12], and the Doppler shift of the laser frequency will interfere the measurement of
GWs [7]. It has been shown that by adjusting the angle φ around ±pi/3 at e1 order, the variations of all the kinematic indicators of Taiji
triangle are minimized, respectively, which is compatible to that of LISA in Refs. [7, 14]. Further, all the optimized expressions of these
kinematic indicators of Taiji triangle are presented in this paper.
The implementation of TDI [13] requires the relative motion between SCs analyzed more accurately, which means that the perturbations
of the Earth, the Moon, and other planets on SCs should be considered. In the present paper, only the perturbation of the Earth on
SCs is focused on, as did for LISA in Ref. [12], and the precision of the orbits is enhanced to the order of e3. In the ecliptic plane, the x
axis of the heliocentric coordinate system may be chosen arbitrarily relative to the major axis of the Earth’s orbit, and then, the nominal
trailing angle of the Taiji constellation following the Earth is set to be χ(≈ ±pi/9) from the viewpoint of the Sun by adjusting the mean
anomaly of the Earth Kepler’s equation, where the negative value of χ means that the constellation is preceding the Earth. Under the
theoretical framework of the problem of three bodies [15], the leading-order and the next-leading-order perturbative solutions are derived,
and it has been shown that the former do not contribute to the variations of the kinematic indicators of Taiji triangle, but the latter do.
Moreover, both of them can lead to the change of the above trailing angle of Taiji constellation. Compared with the previous discussion
on the Earth perturbation on LISA SCs [12, 13], our results include the influence of the interaction between the Sun and the Earth and
the effect of the eccentricity e′ of the Earth’s orbit.
Further, the influence of the Earth perturbation on Taiji configuration is discussed. The analytic expressions for the leading-order
corrections to all the kinematic indicators of Taiji triangle resulted from the Earth and the modified expression for the above trailing angle
of Taiji constellation to the order of e3 are first presented in this paper. Since the difference between the average angular velocities of the
Earth and SCs is very tiny, it only contributes to the corrected trailing angle of Taiji constellation. Moreover, it is this tiny difference
which leads to the Earth perturbing SCs in an almost resonance way, so that the terms characterized by Ω(t− t0) and Ω2(t− t0)2 exist in
the results related to the perturbation of the Earth, and then, these results will grow unboundedly over time, as indicated by Ref. [12]. In
order to avoid this case, by the results in this paper, the running period of Taiji should be set reasonably to be about 3 years, and Taiji
configuration needs to be restored to their initial state every 3 years if one wishes to lengthen its running time.
As far as we know, the results up to the order of e3, and especially those related to the perturbation of the Earth on SCs have not
been given before for Taiji or LISA, so the results in the present paper may be useful for their development. As mentioned before, LISA
and Taiji might be in operation at the same time for a period. According to the results in this paper, both of ϕ and χ have two choices,
so in terms of LISA and Taiji, there are actually four kinds of combinations to be chosen. No matter which combination is chosen, their
simultaneous operation will improve the sensitivity and angle resolution of detecting GWs, which will prompt the further study on GW
significantly. Having discussed the perturbation of the Earth, the next task is further to take into account the perturbations of the other
celestial bodies. Among them, the most important one is the Jupiter. As indicated in Ref. [12], the leading-order perturbative effect of
the Jupiter is less than 10% than that of the Earth, and because the Jupiter perturbing SCs is not in resonance, its perturbative effect will
not accumulate in the first few years. In view of this, the perturbative solutions in this paper may be extended to include the perturbative
19
effect of the Jupiter. Moreover, the perturbations of the Moon and the other planets also need to be analyzed carefully in the following
task.
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